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1 Introduction 


Weak mixing is an important notion in ergoclic theory, introduced by Koop- 
man and von Neumann [9] in 1932 for actions of the group R. Furstenberg 
[5, 6] studied weakly mixing Z-actions in order to give an ergodic theoretic 
proof of Szemeredi’s theorem in combinatorial number theory, and in the 
process he proved that weakly mixing systems are weakly mixing of all or¬ 
ders. In the case of Z, a measure preserving transformation T of a probability 
space (W, E, u), namely a set X with u-algebra E on which a measure v with 
v(X) = 1 is defined, is called weakly mixing if 

1 N 

M E HAC\T-"(B)) - v(AWB)\ = 0 ( 1 , 1 ) 

n= 1 

for all A, B £ E. We call this system weakly mixing of all orders if 
1 N 

lim - Y / \v(A o nT- m ' n (A 1 )n...nT- m * n (A k ))-v(A o )v(A l )...v(A k )\=0 

TV—xx) iV z —* 
n= 1 

( 1 , 2 ) 

for all A 0l ...,Ak € E, all mi, ..., rrik G N with m\ < m2 < ... < m? ., and all 
k G N = {1,2,3,...}. 

However, weak mixing has also been studied for more general group (and 
semigroup) actions, notably in [4] and [2] (but also see references therein), 
in terms of invariant means [11] on certain spaces of functions, instead of in 
terms of the explicit form A Y2n=i above. In particular, various characteriza¬ 
tions of weak mixing over the groups Z and R were extended to more general 
groups. 

In this paper we study weak mixing of all orders for more general group 
actions than Z and R. One of the technical tools we use, is a so-called van 
der Corput lemma which we discuss in Section 2. This type of lemma and 
related inequalities, inspired by the classical van der Corput difference theo¬ 
rem and van der Corput inequality, have been used by Bergelson [1], Fursten¬ 
berg [7], Niculescu, Stroll, and Zsido [10], and others, to study polynomial 
ergodic theorems, nonconventional ergodic averages, and noncommutative 
recurrence, for example. In Section 2 we extend the van der Corput lemma 
to groups more general than Z. The main results of this section are given by 
Theorems 2.7 and 2.7'. Instead of working with an invariant mean on spaces 
of functions, we generalize the -E Y2n=i f° rm more directly for groups with 
an invariant measure, since this seems convenient in our proof of the van der 
Corput lemma. Because of this, we also study weak mixing by generalizing 
the Yln =1 f° rm directly, rather than using the invariant mean approach of 


2 



[2]. The groups over which we work, need to have an invariant measure, and 
a space-filling sequence (defined in Section 2). After some preliminaries on 
weak mixing in Section 3, we devote Section 4 to showing how weak mixing 
implies weak mixing of all orders, for actions of abelian second countable 
topological groups of this type. The form of weak mixing of all orders we 
prove, involves replacing the multiplication with mi, ...,rrik in (1.2), by ho- 
momorphisms of the group over which we work. The main result is Theorem 
4.4. 


2 A van der Corput lemma 

This section is devoted to proving a van der Corput lemma, stated in two 
versions in Theorems 2.7 and 2.7'. Our proof of the van der Corput lemma 
will roughly follow that of [7] over the group Z. In this section we will work 
over a second countable topological group (i.e. a second countable topological 
space which is also a group with continuous product and inverse), since for 
second countable topological spaces X , Y, and their Borel cr-algebras S, T, 
the product cr-algebra obtained from S, T is the same as the Borel cr-algebra 
of the topological space X x Y. This is needed in order to apply Fubini’s 
theorem, which requires measurability in the product cr-algebra. The groups 
that we will consider in this paper, will only be required to be abelian from 
Definition 4.2 and onwards, in Section 4. 

For (V, ji) a measure space and Sj a Hilbert space, consider a bounded 
/ : A — * S) with Ac Y measurable and p(A) < oo, and (/(•), x) measurable 
for every x G S). Define f A fdg by requiring 



/ {f(y),x)dfj,(y) 

J A 


for all x G f). We will often use the notation f A f(y)dy = f A fdg, since there 
will be no ambiguity in the measure being used. Iterated integrals (when 
they exist) will be written as f B f A f(y, z)dydz, which of course simply means 
f B [J A f(y, z)dy\ dz, and similarly for triple integrals. 

For a group G we call K C G a subsemigroup if ab G K for all a,b G K. 
A right invariant measure on a topological group G, is a positive measure 
// on the Borel cr-algebra of G, with /i(A g) = //(A) for all Borel Ac G and 
g G G. Similarly for a left invariant measure. If the measure is both right 
and left invariant, we simply call it invariant. We define such measures for 
topological semigroups in the same way. 

When we say that a net {A a } has some property for a “large enough”, 
then we mean that there is a (3 in the directed set such that the property 
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holds for all a > (3. 

Definition 2.1. Consider a Borel measurable subsemigroup K of a topo¬ 
logical group G with right invariant measure /_/. A net {A Q } of Borel subsets 
of K is called a space-filling net in K (or a Fglner net in K) if //(A a ) < oo, 
//(A^) > 0 for (3 large enough, and 

b ,i ^ ,(VMA ' 39))=0 

for all g € K. This net {A Q } is called uniformly space-filling if in addition 

1 

lim —— sup a f (A /3 A(A^)) = 0 

for all n in the directed set of the net. 

At the end of Section 4, we briefly consider simple examples of such nets. 

Proposition 2.2. Let G be a second countable topological group with right 
invariant measure /_/. Let {A Q } be a uniformly space-filling net in a Borel 
measurable subsemigroup K of G. Consider a bounded f : K —> fj with S) a 
Hilbert space, such that (/(•), x) is Borel measurable for every x £ $). Then 

'r jhL/ d * i -Tk)ihLJj {ah)dhA9 =0 

for every a in the directed set of the net. 

Proof. By Fubini’s theorem 
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and in particular these iterated integrals exists. From this and the fact that 
g is a right invariant measure, we have 


L fdp -mihL L f{sh)dhdg 



1 f 


g{A a ) JA a 


l l 


g{ A a ) g(Ap) 


l l 


g(A a ) g(Ap) 


1 1 


g( A a ) g(Ap) 


g(Ap) 


f(g)dg 


dh — 


[ 

to' 

"So 

_1 

dh 

)A a 

J 



/ f(g)dg- / f{gh)dg 

' A/3 j A-p 

[ f{g)dg~ [ f{g)dg 

' A(3 J A. p h 


dh 


dh 


' Ap\(Apn(Aph)} 


f(g)dg - 


(Aph)\(Apn(Aph)) 


f{g)dg 


dh 


But if b E R is an upper bound for ||/(/F)|| , we have 


I f(g)dg— / f{g)dg\ 

Ap\(Apn(Aph)) J (Aph)\(Apn(Aph)) 

< bg (Ag\ (Ap n (A ph))) + bg ((A ph) \ (Ap n (A ph))) 
— bg (ApA(Aph)) 

< b sup g (ApA(Aph)) 

Aql 


therefore 


MA S ) L „ fdg /i(A«) MA„) L, L 


< 7 t -b sup g (ApA(Aph)) 
g(Ap) heAa 

-> 0 


f(gh)dhdg 


in the (3 limit. □ 


Lemma 2.3. Let Sj be a Hilbert space, (Y, g) a measure space, and Ac Y a 
measurable set with g(A) < oo. Consider an f : A —> fj with ||/(-)j| measur¬ 
able, and (/(•), x) measurable for every x E Sj, and with f A \\f(y)\\dy < oo 
(which means J A fdg exists). Then 



< g(A) I \\f(y)\\ 2 dy 
J A 
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Proof. By definition of f A fd/i , 



fdi'n fdfij = I t\f(y), dy 


( f{y),f(z))dz 


dy 


For any a, b G fj we have 2 Re (a, b) < 11a1 1 2 + ||6|| 2 , and since the object 
above is real, we have 



J A 
1 

< - 

“ 2 j 


R &{f(y),f(z))dz 


dy 


{\\f(y )\\ 2 + !!/(V)|| 2 ) dz 


dy 


= m \\f(y )\\ 2 dy 


Proposition 2.4. Consider the situation in Proposition 2.2, except that we 
don’t need the net. Assume furthermore that F : K x K —» C : (g, h) i—> 
(f(g)J(h)) is Borel measurable, and that Ai,A 2 C K are Borel sets with 
n(Aj) < oo. Then 



2 

(f(ghi), f(gh 2 )) dgdh 1 dh 2 


and in particular these integrals exist. 


Proof. The double integral exists as in Proposition 2.2’s proof. Let’s now 
consider the triple integral. Since F is Borel measurable and G ’s product is 
continuous, ( g,h\) {f(ghi),f(gh 2 )) is Borel measurable on K x K = K 2 
and hence measurable in the product u-algebra on K 2 . By Fubini’s theorem 
we have 



{f(ghi),f(gh 2 )) dgdhi = 


(.f{9hi),f{gh 2 ))d{h 1 ,g) 


A2 


' AixA 2 


and in particular the iterated integral exists. Furthermore, K x K 2 —>• 
K 2 : (h 2 ,hi,g) (ghi,gh 2 ) is continuous, so K x K 2 —> C : (h 2 ,hi,g) 
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{f(gh i), f(gh 2 )) is measurable in the product u-algebra of K and K 2 . Hence 
by Fubini’s theorem 



(f(ghi), f(gh 2 )) d{h l ,g)dh 2 = 


(f(ghi),f(gh 2 )) d(h 2 , hi, g) 


Ai J Ai X A2 


1 Ai xAi XA2 


and in particular, the triple integral exists, and we can do the three integrals 
in any order. By Lemma 2.3 it follows that 



f(gh)dhdg 


A 2 J Ai 

< h(A 2 ) 
= fj,{A 2 ) 
= MA 2 ) 
= /u(A 2 ) 
= h(A 2 ) 


' A 2 


f{gh)dh 


dg 


f{gh\)dh\, / f(gh 2 )dh 2 ) dg 


A2 \ J Ai 


' Ai 



A2 J Ai 



f(ghi), J f{gh 2 )dh 2 j dhidg 
if(ghi), f(gh 2 )) dh 2 dh\dg 


A2 J Ai J Ai 



(f(ghi),f(gh 2 ))dgdh 1 dh 2 

J Ai J Ai J A2 

and note in particular that the part of this argument after the inequality 

2 

proves that g 1 —> f A f(gh)dh is measurable (and therefore its square root 
too), which means that Lemma 2.3 does indeed apply to this situation. □ 


For the next three results we give two versions of each, one set of results 
for nets, and one for sequences but with other assumptions a bit weaker. 
The weaker assumptions in case of sequences are possible, since in this case 
we can apply Lebesgue’s dominated convergence theorem (see the proof of 
Proposition 2.6'). The case of sequences will be used in Section 4 when we 
study weak mixing of all orders. 


Lemma 2.5. Consider the situation in Proposition 2.2, but assume that 
f : G —> Sj is bounded and (/(•), x) measurable for all x E Sj. The net is 
still uniformly space-filling only in K, though. Assume that F : G 2 ^ C : 
(g, h) 1 —> ( f(g),f(h )) is Borel measurable. Then f A {f(g),f(gh))dg exists for 
all measurable Ac G with //(A) < 00 , and all h € G. Assume that 

lh := 1 T ~TTT l f(gh )) dg 

P MA 0 ) J Ap 
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exists for all h e G, and that 


lim sup 

P h.eAa 


1 

fi(Afs) 



(/(<?)) fidh)) dg — 7ft. 


0 


for all a. Then 


lim sup 

P h\,h2&A a 


1 

M a p) 



{f(ghi),f(gh 2 ))dg 


r th^ 1 h 2 


0 


(2.5.1) 


(2.5.2) 


for all a. In particular A a x A a 3 (hi, h 2 ) i—► 7 fe -i fe2 is bounded for every a. 

Proof. Since F is Borel, and G —> G 2 : g i—► ( g,gh ) is continuous, the map 
G —> C : g h- * ( f(g ), f(gh )) is Borel for every h E G, hence the integrals are 
defined. Now, 


sup 

fci^eAc 


- sup / A \ 

hitoeAa lA A P) 


+ sup 

hitoeAa 


Wp)Ja g ^ 9h ^ f ^ )d9 -^ 

1 


(f(ghi)J(gh 2 ))dg- / (f(g),f(gh 1 1 h 2 ))dg 

J A/3 

(/(#), /(^r 1 ^)) dg - 7 h -i h2 


|M A /7> 

but since // is a right invariant measure 
1 

(f(g)J(ghf 1 h 2 ))dg- I (f(g),f(ghf 1 h 2 ))dg 


t( a p) 


(f(ghi),f(gh 2 ))dg- / (f(g),f(gh 1 1 h 2 ))dg 


< 


t( a p) 

i 

M A /3) 

1 

M(A/3) 

1 

M A /?) 


' A^/ii 




’ {Aphi)\Ap 


f(g)J(gh 1 1 h 2 ))dg- 


' A/3 \ (A/3 ^l) 


(f(g),f(gh 1 1 h 2 ))dg 


f(g)J(gh 1 1 h 2 ))\dg + 


' A/3\(A^/ii) 


/(^),/(^ A i lA 2))|d^ 


/A /3 A(A /3 /ii) 




// (A / jA(A / jhi)) 

M A h) 



for all h\ G K, where b is an upper bound for (g, hi, h 2 ) i—>• \( x f(g),f(ghf 1 h 2 )')\, 
which exists since / is bounded. This proves (2.5.2). Since / is bounded, 
so is (hi,h 2 ) i—»• (f(ghi),f(gh 2 )) and its integral with respect to g over A p. 
Hence (2.5.2) implies that A a x A a 3 (hi, h 2 ) i—> 3 h -i jl2 is bounded. □ 

Lemma 2.5b Consider the situation in Lemma 2.5, except that {A Q } need 
not be uniform. Assume 

Ah := “FTT [ (/(^)> /M) d 9 

h h(Ap) J A0 

exists for all h G G. (We need not assume 2.5.1.) Then 

j ^ (f(ghi), f(gh 2 )) dg = lh -i h2 

for all hi G K and h 2 G G. 


Proof. Simply repeat Lemma 2.5 ’s proof without the sup ’s. □ 


Proposition 2.6. Consider the situation in Lemma 2.5. 
I \ 2 —> C : (hi,h 2 ) i—>• lh- 1 h 2 * s B° re l measurable, we have 

lira 1 [ f f (f(gh 1 ),f(gh 2 ))dgdh 1 dh 2 = f [ 

P h\ lv P) J A a J A a J Ap JA a J A Q 


Assuming that 


ThCh 2 dhldh ' 2 


for all a. 


Proof. The triple integral exists by Proposition 2.4. The double integral 
exists by Fubini’s theorem, since (h\,h 2 ) i—>• 7 h -i h is bounded on A a x A a 
for every a by Lemma 2.5. Then 


Aq; «/ A (y J Art 


MAs) J 

< g(A a ) 2 sup 
-> 0 


(f(ghi),f(gh 2 )) dgdh l dh 2 


' Aq. j Aq: 


AhCh 2 dh i dh 2 


/ii,/i2€A Q 


yyyyyy j^ (f(ghi),f(gh 2 ))dgdhidh 2 -'r h -i h2 


in the (3 limit by Lemma 2.5. □ 


Proposition 2.6b Consider the situation in Lemma 2.5', but assume the 
space-filling net in K is in fact a sequence {A n } ngN . Then 


lim 

n—XX) 


1 

h(A n ) 




(f{ghi),f(gh 2 )) dgdhdh -2 
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for all 771, and in particular these integrals exist. 


Proof. The triple integral exists by Proposition 2.4. Let b be an upper 
bound for (g,hi,h 2 ) \(f(ghi), f(gh 2 ))\, which exists since / is bounded. 

Fix any rn G N, and set 


An(hi, h 2 ) 


1 

/^(A n ) 



( f(ghi)J(gh 2 ))dg 


for all hi,h. 2 G A m and all n. Note that A n (h\,h 2 ) exists and is a mea¬ 
surable function of h\ because of the existence of the triple integral. Then 
|Ai(^ij^ 2 )| < Jtrbf Ia bdg = b, which implies that the sequence A n (-,h 2 ) 
with h 2 fixed, is dominated by B : A m —> M : h i—>• b. But B G L l (A m ,g), 
namely f A \B\dg — bg(A m ) < oo, hence A m 3 hi i—»• 7 ^- 1 ^ is in L 1 (A m ,g) 
and 

lim / A n (hi, h 2 )dhi — / l h -' h dhi 

71^00 J Am J Am 

by Lebesgue’s dominated convergence theorem and Lemma 2.5'. Note in 
particular that the last integral exists. Now set 


C n (h 2 ) 



An(h 1 , h 2 )dhi 


for all h 2 G A m , and keep in mind that this exists and is a measurable function 
of h 2 by Proposition 2.4, as for A n (-, h 2 ) earlier. Then \C n [h 2 )\ < f A bdh\ < 
g(A m )b, so the sequence C n is dominated by D : A m —>• M : /i 1 —► g(A m )b, and 
D G L 1 (A m ,g). Hence by Lebesgue’s dominated convergence theorem, the 
function 

A m 3 h 2 t—» / IhAhA-lbx 

JAm 

is in L 1 (A m , g), and 


lim 

71—XX) 



C n (h 2 )dh 2 




lh^hi dh ^ dh 2 


as required. □ 

Now we can finally state a van der Corput lemma: 

Theorem 2.7. Let G be a second countable topological group with right in¬ 
variant measure //. Let {A a } be a uniformly space-filling net in a Borel 
measurable subsemigroup K of G. Corisider a bounded f : G —> ft, with 
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jj) a Hilbert space, such that (/(•), x) and (/(•),/(•)) : G 2 —> C are Lore/ 
measurable (for all x E Sj). Assume that 

Ah := 1 T “7TT [ f( 9 h)) dg 

d h(dip) J Af 3 

exists for all h E G, and that 

iim sup —f {f{g),f{gh))dg-'r h =0 
p heA a p{A,3) J A/3 

for all a. Assume furthermore G —> C : h i—>• 7 ^ is Lore/ measurable and that 

'^^hLL ik ^ dhidh2=o ■ (27 - i) 

Then 

1 /• 

lim ———- / fdn = 0 . 

d MA^A/ 

Proof. Note that since G 2 —> (7 : (hi,h 2 ) hf ] h 2 is continuous, its 
composition with h 1 —>• 7 h , namely (hi, hf) 1 —»• 7 ^- 1 ^, is Borel. By Proposition 
2.2 and Proposition 2.4 we just have to show that for any e > 0 there is an 
a and (3q such that \A a g\ < e for all (3 > (5 0 where 

A a g ■= 77-T 7t-vo / / [ {f{ghi),f{gh 2 ))dgdh 1 dh 2 . 

h(A/?) p\A a y j Aa j Aa j Af} 

But this follows from Proposition 2.6 and onr assumptions, namely 

lim lim = lim 1 / / 'y h -i h dh 1 dh 2 = 0 

a d « M A aJ JAc 1 

Next we give a van der Corpnt lemma for a space-filling sequence instead 
of a net: 

Theorem 2.7'. Pet G be a second countable topological group with right 
invariant measure //. Let {A n } &e a uniformly space-filling sequence in a 
Borel measurable subsemigroup K of G. Consider a bounded f : G —> Sj, 
with Sj a Hilbert space, such that (/(•), x) and (/(•),/(•)) : G 2 —> C are Lore/ 
measurable (for all x E Sj). Assume 

7 ft := lim —[ (f (g), f (gh)) dg 
>00 g(A n ) J An 
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exists for all h G G. Also assume that 


LL^ dh ' di * =o (2 ' 7U) 

(note that the integral exists by Proposition 2.6). Then 

lim “TFT / = 0 • 

n—> °° M A n) J A„ 

Proof. Just as for Theorem 2.7, but using Proposition 2.6' instead of 2.6, 
and therefore without the need to show that (hi, h 2 ) i—>■ 7 ^- 1 ^ is Borel. □ 

Theorem 2.7' is the version of the van der Corput lemma that we will 
apply in Section 4 to prove that weak mixing implies weak mixing of all 
orders. However, we still need a few refinements regarding conditions (2.7.1) 
and (2.7'. 1): 


Lemma 2.8. Let G be a second countable topological group with left invariant 
measure p. Let A C G be Borel and //(A) < oo, and S C G Borel such that 
A _1 A := {hf 1 ^ : hi, h 2 G A} C S. For a Borel f : G —> M + we then have 



f(hi 1 h 2 )dhidh 2 < p( A) / fdp . 

I A J A JS 

Proof. Let x denote characteristic functions, and set p : A x A —> G : 
(hi, h 2 ) i—> hf l h 2 . Then / o yp is Borel on A x A, and therefore measurable 
in the product cr-algebra on Ax A obtained from A’s Borel a- algebra, since 
yp is continuous. Let Y c A _1 A be Borel in G. For W C G x G, let 
W g := {h : ( g,h ) G IF}. Then, since <^ _1 (F) is Borel in A x A and hence 
Borel in G x G, it follows that yp~ l (Y) is in the product cr-algebra on G x G, 
hence we can consider (p x p) (yp~ l {Y)) = f A p (yp~ l {Y) g ) clg. Now 

yp~ l (Y) = {(g,gh) : h G Y,g G Afl (A /T 1 ) } C {(^,^) : h G F, g G A} =: F 

but = c/F, therefore yu( 9 ? _ 1 (F) 9 ) < p(V g ) = p(gY ) = p(Y), since p is a 
left invariant. Hence 


' AxA 


Xv ° Td(p x p) = (p x //) (v? _ 1 (F)) 
< p(K)p(Y) 

= /'( A ) / Xv^A 
Js 
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There is an increasing sequence f n : S —* R + of simple functions converg¬ 
ing pointwise to /. From the above we know that 



f n o ipd{n x n) < /i(A) 


fndfl 


and by applying Lebesgue’s monotone convergence first on the right and then 
of the left of this inequality, we obtain 



A J A 


/ {h\ 1 h 2 ) dhidh 2 



f o (pd(fj, x jj) < p( A) 



as required, where we have used Fubini’s theorem, which holds in this case, 
since / is non-negative. □ 


Proposition 2.9. Let G be a second countable topological group with left 
invariant measure p. Let {A Q } be a uniformly space-filling net in a Borel 
measurable subsemigroup K of G. Consider a Borel measurable function 
7 /j : G —> C. Also assume that each A a is open, and that 


lim 

a 


1 

/^(Aq) 



0 


Then 

li » n W.U > , ^ MA2 = 0 

if the iterated integral exists for all a > a 0 for some a 0 . 


Proof. Since A„ is open, A Q 1 A Q is Borel, and so 


MA 


Oi) J TVq; Aq; 


AhCh2 dl B dh 2 


< 


p(A c 


< 


M A c 


ThCh 2 

>A a 1 
r 

17/* I dh 


dhidh-2 


by Lemma 2.8. □ 

As opposed to Theorems 2.7 and 2.7', the measure in this proposition has 
to be left invariant, hence when it is applied in tandem with Theorem 2.7 
or 2.7', the measure will have to be invariant. Clearly Proposition 2.9 would 
also work if A a wasn’t necessarily open, but we had A“ 1 A a C S a with S a 
measurable and lim Q f s | 7 ^| dh — 0. 
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3 Weak mixing 

In this section we define weak mixing, and study some of its characterizations 
using simple tools like density limits. This sets the stage for our study of 
weak mixing of all orders in the next section. The discussion here is in a 
fairly abstract setting, which for the most part does not require the net {A a } 
to be space-filling. As we will see, the net is only required to be space-filling 
in order for the definition of weak mixing to be independent of the net being 
used, and in the next section in the final step of the proof of weak mixing to 
all orders, where the van der Corput lemma is used. 

Definition 3.1. Dynamical system, measure preserving dynamical 
system. Let (X, E, is) be a probability space. Let K be any semigroup. For 
each g G K let T g : X —» X be such that T g o T h = T gh for all g,h <E K. 
Denote g i—■> T g by T. If T 9 -1 (E) C E for all g G K , then (X, E ,is,T,K) is 
called a dynamical system (over K ; at times it will be convenient to explicitly 
state the semigroup). If, additionally, is(T~ 1 (A)) = is(A) for all A G E and 
g G K, then (X, E, is, T, K ) is called a measure preserving dynamical system. 

For a group (respectively semigroup) G, let DJlc denote the set of all 
group (respectively semigroup) homomorphisms G —> G. 

Definition 3.2. Weak mixing and ergodicity. Let K be a semigroup 
with a a -algebra and a measure /i. Let {A Q } be a net of measurable subsets 
of K, such that p(A a ) > 0 for a large enough, and with p(A a ) < oo for every 
a. Let M C WIk- Assume that (X, E ,v,T,K) is a dynamical system and 
that g t—> u(A 0 n (Aj)) is measurable for all A 0l Ai e E and all tp G M. 

(i) (X, E, v, T, K ) is said to be M-weakly mixing relative to {A a }, if 

!im J ^ v(A 0 n T-^(Ai)) - z/(A 0 )^(Ai) dg = 0 

for all Ao , A\ G E, and for all <p G M . 

(ii) (A", E, is, T, K) is said to be M-ergodic relative to {Aq,}, if 

iim J ^ v(A 0 n T-^A^dg = v{A Q )v{A 1 ) 

for all A 0 , Ai G E, and for all ip G M. 
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Remarks on Definition 3.2. In the case of K = N, A n = {l,...,n} and 
with M = {^n}, Definition 3.2(i) corresponds to the usual definition of 
weak mixing for an action of the semigroup N, as given in (1.1). Since all 
homomorphisms of N are of the form n i—>• kn for some k E N, one can then 
easily show that {idf^-weak mixing implies SOt^-weak mixing. 

For general K our definition of weak mixing is quite abstract. We don’t 
assume the dynamical system to be measure preserving, or the net {A Q } to 
be space-filling in K, simply because these assumptions are unnecessary in 
many of the results that follow, though they are required when proving M- 
weak mixing of all orders. In “practical” cases that one usually studies in 
ergodic theory, one would expect these assumptions to hold, for example A n 
mentioned above is space-filling in N. Under these assumptions, we will see 
in Corollary 3.10 that the definition of weak mixing is independent of the 
space-filling net we use, i.e. if a measure preserving dynamical system is M- 
weakly mixing relative to one space-filling net, then it is M -weakly mixing 
relative to all space-filling nets in K. The proof of Corollary 3.10, as well as 
the parts of Propositions 3.8 and 3.9 which are used in this proof, are the 
only places in this paper where we will use ergodicity. 

In general the assumption that a dynamical system is M -weakly mixing, 
is a restriction on M, since for example one would not expect g v(Ao D 
Ty.y (Ai)) to even be measurable for all homomorphisms (p : K —> K. 

As a last remark, note that if K has an identity e, and the homomorphism 
given by ip 0 (g) = e for all g E G was in M, then the system wouldn’t be 
M -weakly mixing, hence we wouldn’t want <po to be in M. We mention this 
simply because <po does appear in the theory to follow, but not as an element 
of M. 


We now turn to a few technical tools which we will need in Section 4. 


Definition 3.3. Density zero, density limit. Let (G, /i) be a measure 
space (with G not necessarily a group or semigroup) and {A a } a net of 
measurable subsets of G. Assume that n{A a ) > 0 for a large enough, and 
that //(A q ) < oo for every a. 


(i) A set R C G is said to have density zero relative to {A a }, and we write 
D{\ a }(R) = 0 if and only if there exists a measurable set S C G, with 
R C S such that 


lim 

a 


p(a q n S) 
fJ'i.A-a') 


0 


(ii) We say that / : G —> L, with L a real or complex normed space, has 
density limit a E L relative to {A Q }, if and only if for each £ > 0, 
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D{\ a }(S £ ) = 0, where 

S e :={heG:\\f(h)-a\\>e} , 

and we write it as 

D {Aa} - lim / = D { Aa} - lim f(h) = a . 

Note that if R and S have density zero relative to {AqJ and V C S, then 
R fl S, RU S and V also have density zero relative to {A a }. 

Proposition 3.4. Let f,g:G^>L with ( G,/i ) and L as in Definition 3.3, 
and assume that 


Then 


D {Aa} - lim f = a and D { Aa} - lim g = b 


D {A a }- hm(/ + g) = a + b 


D{A a }~ lim(/3/) = f3a 

for any (3 G C. Furthermore, if f,g are real-valued functions and f(h) < g(h) 
for all h G G, then a < b. 

Proof. For each e > 0, let 

R E := {h G G : \\f(h) — a|| > e} and S £ := {h G G : \\g(h) - b\\ > e} . 
By definition, R e and S £ have density zero relative to {A Q }. Let 
V e :={h€G: \\(f + g)(h) - {a + b)\\ > e} 


V e :={heG:\\f(h)-a\\ + \\g(h)-b\\>e} . 

Since \\(f + g)(h) — (a + b)\\ < \\f(h) — o|| + \\g(h) — 6||, it is clear that V £ C Vf. 
Also, clearly V' e C Rl U S*. But i?| U »S| has density zero relative to {A Q }, 
and hence the same holds for Vl and then V £ . Hence 

D {A a }- lim(/ + g) — a + b . 

Letting W £ {h G G : \\(/3f)(h) — (3a\\ > e}. it is easily seen that W £ 
has density zero relative to {A a }, hence 


D {A a }- lim(/5/) = (3a 
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Finally, suppose that f,g are real-valued functions, i.e. L — R, and f(h ) < 
g(h) for all h G G. From the previous two results in this proposition, we 
have that 

D{A a }- hm (<7 — f) — b — a . 

Hence for any e > 0, the set 

W':={heG: \(g - f)(h) - (b - a)\ > e} 

has density zero relative to {Aq}. Suppose now that b — a =: p < 0. Since 
(g — f)(h) > 0 for all h G G, we must have that the set H}',/ 2 consists of all 
of G. Hence 

a(Aq n _ g(A a ) _ ^ 

g(A a ) n{ A q ) 

contradicting the stated fact that VF|' p ^ 2 has density zero relative to {A„}. 
Therefore b — a > 0. □ 


We now give a Koopman-von Neumann type lemma: 


Lemma 3.5. Let (G, g) be a measure space, and let {A„} be a net of mea¬ 
surable subsets of G. Assume that g(A a ) > 0 for a large enough, and that 
g(A a ) < oo for every a. Let f : G —> [0, oo) be bounded and measurable. 
Then the following are equivalent: 


(!) £>{A Q }-hm/ = 0 


(2) lim 

a 


l 

h(A a) 



f dg = 0 


Proof. For every £ > 0, let S s {h e G : f(h) > e}, which is a measurable 
set, since / is measurable. 

(1) =>■ (2): From (1) we have that each S e has density zero relative to 
{A q }. Given any s > 0 and index a, consider the term 

I fdg = yr r / / dg + —/ fdg . 

d{A a ) J Aa g( A q ) J\ an s e g{ Aq) 

Since S £ has density zero relative to {A a } 


0 < 


g(A 0 


f dhg < 


'A a nS e 


g (Aq n S £ 
g (Aq) 


sup f(G) —> 0 


in the a limit. Also, 


°-jhL s / d ^- 


g (Aq n S°) 

tt . £ < £ 
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hence 


lim 


M A , 


fd/i = 0 


■a) J A q 


(2) =>■ (1): Clearly exs s < /• Also note that -D{A a } (5 e ) 
measurable and 

d (A a n S £ ) . 1 


L (Aq) h(A a ) J\ c 

which tends to zero in the a limit. □ 


fdn 


0, since is 


Corollary 3.6. Consider the situation in Lemma 3.5, except that we use 
f : G —► M, assumed to be bounded and measurable. Then 


if and only if 



0 


lim —— 

a A c 


|/(h)| dh 


0 


Proof. Given any e > 0. Let 

S £ := {h e G \ [/(h)] 2 > £ 2 } = {h G G : \f(h)\ > e}. 

Suppose that lim a J Aa [f (h)] 2 dh = 0, i.e. D {Aa} -lim h [ f(h)} 2 = 0 by 

Lemma 3.5. By the definition of the density limit we have D{ Aa y(S £ ) = 0. 
Since e > 0 is arbitrary, we conclude that -D{A a }-lim |/| = 0, and hence 
lim Q y f A \f(h)\ dh = 0 by Lemma 3.5. 

The converse follows similarly. □ 

As a result, the |-| in Definition 3.2(i) of weak mixing, can be replaced by 


Lemma 3.7. Consider the situation in Lemma 3.5, except that we use f : 
G —> C, assumed to be bounded and measurable. Let (3 e C. 

If 




f{h)dh = p 


lim ,1 , [ [f(h)] 2 dh = p 2 , 

“ d(A a) JAc 
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Proof. This follows immediately if we note that 


/i(A a ) J a q 
1 


/^(A a ) J A a 
■ 0 


[/(A) — /3 ] 2 lift 

([/(ft)] 2 - 2/3/(ft) +P 2 )dh 


in the a limit. □ 


Next we consider standard characterizations of weak mixing, that we 
will need. The first proposition does not require the system to be measure 
preserving, but the second does. 

Proposition 3.8. Let K be a semigroup with a a-algebra and a measure p, 
and let {A a } be a net of measurable subsets of K. Assume that //( A a ) > 0 
for a large enough, and that p(A a ) < oo for every a. Let M C 971 a-. Let 
( X , E, v, T, K) be a dynamical system. Set (T x T)h = Th x Th for all h € K, 
where (Th xTh)(x 1 , 2 : 2 ) = (Tf l (xi),Tf l (x 2 )) for all (x\,X 2 ) G X xX. Consider 
the following statements: 


(1) (. X , E ,u,T, K ) is M-weakly mixing relative to {A a }. 

(2) (X x X, E x E, v x v, T x T, K ) is M-weakly mixing relative to {Aq,}. 

(3) (X x X, E x E x v,T x T, K ) is M-ergodic relative to {A Q }. 

(4) D {Aa} -lim h iy(A 0 nT~ ( 1 h) (A 1 )) = u(A 0 )u(A 1 ) for all A 0 ,A 1 e E and for 

each :p G M. 

Then (1) and (4) are equivalent. Also, (2) implies (3), which in turn im¬ 
plies (1). 


Proof. (1) <=> (4): Given any <p G M, let f(h) := 
and apply Lemma 3.5. 


u(A 0 fl - v(Aff)v(A 1 ) 


(2) =>■ (3): Follows immediately from Definition 3.2. 



(3) =>■ (1): Let A 0 , Ai G E and (p G M. We have 


= lim J (u x z/)((A 0 x X) n (T v(s ) x 7W)) _1 (Ai x x ))dg 

— {y x ^)(A 0 x A)(^ x i/)(Ai x A") 

— > 

and also 

'rjhL " {A ° nT ^ Ai))2d3 

= lim 1 I (ux v)((A 0 x A 0 ) n (T^ g) x T^ g ))~ l (Ai x Ai))dg 
a n(A a ) J Aa 

— (u x i/)(A 0 x A 0 )(t / x z/)(Ai x Ai) 

= KA)M^i ) 2 • 

Therefore by Lemma 3.7 we have that 

!im J ^ (^(A 0 n ^(Ai)) - //(A 0 )z/(Ai)) 2 dc/ = 0, 

and it follows from Corollary 3.6 that (A, E, u. T, K ) is M-weakly mixing 
relative to {A Q }. □ 

Proposition 3.9. Consider the situation in Proposition 3.8, but also as¬ 
sume that the dynamical system (A, E ,u,T, K) is measure preserving. Then 
the following are equivalent: 

(1) (A, E, v, T, K) is M-weakly mixing relative to {A a }. 

(2) (A x A, E x E, v x u, T x T, K ) is M-weakly mixing relative to {A a }. 

(3) (A x A", E x E, v x v, T x T, K ) is M-ergodic relative to {A Q }. 

( 4 ) lim ^ j J |(/i, fi o ^(h)) - </i, 1)(1, / 2 )| dh = 0 and h ^ (/ 1? f 2 o 

is measurable for all fi, f 2 G L 2 (z/) and for each <p G M. 

Proof. By Proposition 3.8, we already have (2) =>■ (3) (1). Now for the 

rest: 
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(1) (2): Given any p G M and A, B,C, D G E, we have 

\v x u((A x C) n (T x T)~l h) {B x D)) - v x v{A x C)v x u(B x D)\ 

= I u(A n n T-^D)) - u(A)u(B)u(C)u(D)\ 

< u(A H Trf h) (B))\u(C n T-^D)) - u(C]v(D)\ 

+ I/(C)|/(£))||/(A n T- ( i } (5)) - v(A)v(B)\ 
<v(A)\v(CnTrf h) (D))-v(C)v(D)\ 

+ I/(C)|/(D)||/(A n Trf h) m - v{A)v{B)\ . 

Hence by 3.8(1 and 4) and Proposition 3.4, 

D {Aa} Aim\vxv((AxC)n(TxT)-l h) (BxD))-vxis(AxC)vxv(BxD)\ =0 . 

So again by 3.8(1 and 4), and since the system is measure preserving and the 
rectangles form a semi-algebra that generates E x E, the proof follows in a 
standard way (see e.g. [12]). 

(1) (4): This is true if /i,/ 2 are characteristic functions of measurable 

sets and given any p G M. The desired result is obtained by forming linear 
combinations and approximating in a standard way (see e.g. [12]). 

(4) (1): This follows by taking fi and / 2 to be characteristic functions of 

measurable sets, given any ip G M. □ 

We can now show that the definition of M- weak mixing relative to a 
space-filling net, is independent of the space-filling net being used: 

Corollary 3.10. If a measure preserving dynamical system (.X , E , u, T. K) 
is M-weakly mixing relative to some space-filling net in K, then it is M- 
weakly mixing relative to every space-filling net in K. 

Proof. In [3] it is shown that the ergodicity of a measure-preserving dynam¬ 
ical system is independent of the space-filling net being used, and the proof 
holds for M-ergodicity, as we defined it here, as well. Hence M-weak mixing 
is also independent of the space-filling net, by the equivalence in Proposition 
3.9(1 and 3). □ 

4 Weak mixing of all orders 

In this section we show that weak mixing implies weak mixing of all orders. 
Our approach is strongly influenced by that of [8] for the case of the group 
Z. The proof is by induction, two steps of which are given by the following: 
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Proposition 4.1. Let K be a semigroup with a cr-algebra and measure p, and 
assume that I\ has an identity element e. Let {A Q } be a net of measurable 
subsets of K such that p(A a ) > 0 for a large enough, and with p(A a ) < 
oo for every a. Let M C WIk- Alow we will use the following notation: 
( X, S, v, T, K ) will denote any measure preserving dynamical system, but with 
K fixed, and id will denote the identity mapping X —> X. Let ou(f) := 
f x fdu for all f G L°°{v), and let {uj ® to) (/) := f XxX fd{ v x v ) f or 
f E L°°{v x u). Given k G N, let (pi,...(pk denote elements of M, and let 
fo, fk denote real-valued elements of L°°(v). Let ip 0 (h) = e for all h G K. 

Consider the following statements (where the existence of the integrals 
contained in each statement form part of that statement): 

l[k]: The integral f A to (jf^^fj ° ^(g) j dg exists for all a > oo for 
some ao, and 



dg = 0 


3[ kf: For n := JljLi co(fj), we have 


lim 

a 



o 


Then 

(i) 1[k] implies 2[k], 

(ii) If 3[k] holds for all measure preserving dynamical systems over K with 

T e = id which are M-weakly mixing relative to the given net {A a }, 
and all f\,fk and all ipi,pk with ipj ^ ipi when j ^ l for j, l G 
{1 ,...,k}, then l[k] also holds for all measure preserving dynamical 
systems over K with T e = id which are M-weakly mixing relative to 
{AJ and all / 0 , and all p>\, ■■■, l Pk with ipj ^ ipi when j ^ l for 

j,l G {1, ...,k}. 
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Proof, (i) Use Corollary 3.6. 

(ii) The strong convergence in 3 [k] implies weak convergence, i.e. 


f IU ° T vhs) d 9i /o ) = (« ■ !, /o) 

^ A “7=1 / 


= w (k/ 0 ) 

k 

= n-(/i 


Furthermore, by the definition of the integral, and from the assumption that 
= T e = id, we have that 


n h ° t ^( 9) ^ 


= lim ■ 


ny wa, 


II/j oT w(U d S> /o 


hence 


dT)i(n A ° r -“’ A )* 

,. / k \ fc 

/ ^ n h ° r ^( S ) ms= n 

JA - Vi=0 / j=0 


(4.1.1) 


and in particular the integral on the left exists for all a > a 0 f° r some a 0 - 
Since by Proposition 3.9(1 and 2) the product system (A" x A, S x E,z/ x 
;y, T x T,K) is an M-weak mixing dynamical system relative to {A a }, and 
the product system is measure preserving with (T x T) e = id x id, we can 
apply (4.1.1) to the product system to obtain 


MAJ A ^ ® II (/# 0 /?) ° ( T x T W<?) j 


= HA 0a; )(/l® /j)- 
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where for every fi, f 2 G L°°(u ) we define /i ® f 2 : X x X — > I by (/i ® 
/ 2 )(x 1,2:2) := fi (sq)/b(*^2) for all (xi,x 2 ) G A" x A". By Fubini’s theorem, 
namely (ca (g) u) (/1 ® / 2 ) = w (/ 1 ) cu (/ 2 ) for all / 1 , / 2 G L°°(fo), we have 


proving l[fc] by Lemma 3.7. □ 

Note that the only property of weak mixing which is used in Proposition 
4.1’s proof, is that if a dynamical system is M- weakly mixing and measure 
preserving, then so is its product with itself. This is the only reason that the 
systems in Proposition 4.1 are required to be measure preserving, otherwise 
Proposition 3.9(1 and 2) would not apply. Proposition 4.1 would still hold 
if we considered dynamical systems with some abstract property, call it E, 
instead of “M-weak mixing and measure preserving”, as long as the product 
of an E dynamical system with itself is again an E dynamical system. In 
particular, even though Proposition 4.1 is expressed in terms of functions 
instead of sets, we did not need the characterization of Af-weak mixing in 
terms of functions, given by Proposition 3.9(4). 

In order to complete the induction argument, we need 1 [1], and that if 
2 [k — 1] holds for all measure preserving dynamical systems over K with 
T e = id which are AT-weakly mixing relative to {A a }, then the same is true 
for 3[k}. The latter requires some more work, and we will need to specialize 
the M that we will allow. Firstly note that for an abelian group G and any 
homomorphisms <p\ and p 2 of G, the function ip' : G —> G defined by 

v'ia) ■= ( 4 . 1 ) 

is also a homomorphism of G. Even though from now on we will use only 
abelian groups, we will continue to use multiplicative notation, as in (4.1). 

Definition 4.2. Let G be an abelian group and let M C VJIq- We call 
M translational if for all G M with ip 1 ^ p 2 , the homomorphism p' 

defined by (4.1) is also in M. 

Proposition 4.3. Let G be an abelian group with a a-algebra and measure //, 
and let M C VJla be translational. Let (A, E, u, T. G ) be a measure preserving 
dynamical system. Let u>(f) := J x fdv for all f G L°°{y). Let {A a } be a net 
of measurable subsets of K with p(A a ) < 00 for all a, and p{Ag) > 0 for f3 
large enough. Set p$(g) = e for all g G G. Assume that for some k G N 

-1 \ fc-i 

1 f) 0 T rM ) d 9 = Yl^{fj) 

=0 / j 0 




fj° T vA 9 )) dg = Y[u{fj 


3=0 
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for all real-valued f 0 ,fk-i G L°°{v) and all (pi,(pk-i G M with <pj ^ pi 
when j 7 ^ l for j,l G {1 — 1}, and in particular the existence of the 

integral over A a and the limit is assumed. Now set 

k 

U h := J| fj ° T<pj(h) ~ K 

3=1 

for all h G K, where k := IIj=i u (fj)> f or a given set of real-valued fj G 
L°°{v ) and ipj G M with cpj ^ p>i when j ^ l for j. I G {1, k}. Then 

lb := lim — [ ( u g , u gh ) dg 
a h{A a ) J\ a 

exists (where (■,■) is taken in L°°{y ) C L 2 (z/) since v(X) < oo), and 

k 

lh = U-(fdfjoT nW )) -k 2 

i=i 


for all h G K. 
Proof. We have 


( U g, Ugh) 



du + k 2 


and note that all three these last integrals exist, since fjoT ^( 9 ) and products 
of such functions are in L°°{y) C L l {v). We now consider the three integrals 
in turn: 
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(a) Since G is abelian and T is measure preserving, 


ix 


U =i 


ix 


ix 


ix 


ix 


dv 


= LU 


n (ft ° 1 wOo) (ft ° T M9h)) du 

k 

II (ft ° (g) ) (ft ° T<pj(h) ° ^j(s)) 

?'=i 

PJ [/j (/? ° ° d n ip j (g)if 1 (g )- 1 \ ° T<pi(g)dv 

3=1 J 

n [ft (ft ° T<pj(h))\ ° T Vj (g)v l(S') - 1 1 d (v ° 

J=1 J 

n [ft (ft ° T<pj(h))\ ° ^(sVds) -1 1 ^ 

3=1 J 

k -1 

n [■^"+ 1 (/-7+ 1 °-^Pj+iW)] °'r<p' j (g) 

.3=0 


where </?'■(<?) := for all g G G and j = 0, k — 1, so </?'• G M 

for j = 1,..., A’ — 1 since M is translational, </?'■ ^ (p[ when j ^ l for j, l G 
{1, k — 1}, and <p' 0 (g) = e for all g G G. Hence 


lim 


“ d(fta) J\ a Jx 

by assumption. 


II (ft ° T Vito)) (ft ° T Vj{gh)) 

U=i 


k -1 


dudg = n u (ft + 1 (ft +1 ° -^j+iw)) 

3=0 


(b) For the second integral, again using the fact that T is measure pre¬ 
serving, it follows as in (a) that 


^ h(A a ) J Aa J x 


n ft ° (g) 

U=i 


dvdg = lim 


h(A 


u; 


a; JA q 


7c—1 

n ft +i ° t ^(s) 

J=0 


dg 


k -1 

t=0 


= ft 


by assumption. 
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(c) Lastly, again since G is abelian and T is measure preserving, 

fj ° T v>j(9h) dud 9 

= u r rth L w (n ° ° T *-») ia 

k -1 

= ° T<fj+i(h)) 

3=0 
k -1 

=n-(/^) 

3=0 
= K 

by assumption. 

(d) From (a)-(c) 

k 

7 h = {fj ° ^#})) - « 2 

j=i 

and in particular exists. □ 

We now state and prove our final result, namely that weak mixing implies 
weak mixing of all orders. This is where our van der Corput lemma is finally 
applied, along with Propositions 4.1 and 4.3, and the characterization of Ad- 
weak mixing given by Proposition 3.9(1 and 4) which so far we have not 
used. 



Theorem 4.4. Let ( X , E, u, T, G ) be a measure preserving dynamical sys¬ 
tem for an abelian second countable topological group G with invariant mea¬ 
sure //, and with T e = id. Let Ad C 9LIg be translational. Assume that 
(X, E, z/, T, G) is M-weakly mixing relative to a uniformly space-filling se¬ 
quence of open sets {A n } in G, and that (A', E ,v,T,G) is Ad-weakly mixing 
relative to the sequence {A“ 1 A n }, so in particular we require //(A“ 1 A n ) > 0 
for n large enough and / n(A“ 1 A n ) < oo for every n, and where we assume 
that //(Ay 1 A n ) < c/t(A n ) for n large enough and some strictly positive real 
number c. Assume furthermore that G —> L°°{y ) : g i—> foT^ is continuous 
in the L°°-norm topology on L°°(v) for all p G M. Then 




dg = 0 
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for any real-valued fj G L°°{y) and any p i, ...,Pk G M with pj ^ <pi when 
j 7 ^ l for j, l G {1, k}, and with po(g) — e f or 9 G G, where ou(f) := 

fx f dv - 


Proof. We need to complete the induction argument started in Proposition 
4.1, and we will continue using its notation, but with K = G. Since G —» 
L°°(y) : g i—>• / o T v ( g ) is continuous, so is F : G —■> L°°(u) : g \—■> ]^ =0 fj ° 
T^ g ) in the L°°-topology. Since v{X) = 1, we have ||/|| 2 < jj/H^ for all 
/ G L°°{y), so the L°°-topology is finer that the L 2 -topology, hence F is 
continuous in the L 2 -topology on L°°(y) as well. It follows that 

Ik k 

G x G -> R : (g, h) ^ l J] fj o T Vj{g) , JJ fj o 

\i=i j=i 


is continuous. Keep in mind that u ((nh. fj ° T<pj(9)j (n;=i fj ° w 
(UU fj 0 T w( 9 )’ n.!-i fj ° T VjW y Now we write 


k 

u g '■= fj ° T<fij(g) ~ K 

j=l 

for all g G G, where k := n- = i w( fj ). It follows that G x G —> C : (g, h) i—>• 
( u g ,Uh ) is continuous and therefore Borel measurable. Note that g h->• ( u g, x ) 
is also Borel measurable for all x G L 2 (u). Furthermore, G —> L 2 (y) : g *—>■ u g 
is bounded, since each fj is essentially bounded and v(X) = 1. (We need 
these properties, since we will be applying Theorem 2.7' to the function 
g i—* u 9 .) Since /x(A“'A n ) < c//(A n ), and we have M-weak mixing relative to 
{A“ 1 A n }, it follows from Proposition 3.9(1 and 4) that 

lim —[ \u (f 0 (fi o T v(ff) )) - w(/ 0 )w(/i)| dg = 0 (4.4.1) 

n—>oo /x(A n ) J A y 1 A n 

for all p G M. By Proposition 4.3, assuming 2[/c — 1] for all measure pre¬ 
serving dynamical systems over G* with T e = id, which are M -weakly mixing 
relative to {Aq,}, and of course for all / 0 ,and all (pi ,..., <pk-i G M 
with tpj ^ pi when j ^ l for j, l G — 1}, we have 



for any j\,f k and all (pi,...,.tp k G M with ipj ^ (pi when j ^ l for 
j, I G k}, for all h G G. Using the identity ^=1 a j ~ IIj=i = 


EjU (n/=i a i) («j - b j) (nf=i+i &«) it; follows that 




w (/? (/i 0 ^w)) 


w (/j) 2 | dh 


where Aj := sup /)eC n«=i w (./) (./) 0 (ft.))) which exists in M, since the fj 

’s are essentially bounded. Note that f A — 1 , 1 7 *. I dh exists, since the integrand 

is continuous. Hence 


lim —— 

m—>oo /J,(A r 


\lh\dh = 0 


by (4.4.1). From Proposition 2.9 and Theorem 2.7' we then have 


lim 

n—>00 


1 



0 


where the limit is taken in the L 2 -norm, i.e. 3[k] holds for all measure 
preserving dynamical systems over G with T e = id, which are M -weakly 
mixing relative to {A 0 }, and all fi,...,f k and all ipi,...,ip k £ M with <pj ^ 
<pi when j 7 ^ l for j, l G {1 But 1 [1] holds for all /o,/i G L°°(u) 

and all <p G M for all measure preserving dynamical systems over G with 
T e = id, which are M -weakly mixing relative to {Aq,}, because of Proposition 
3.9(1 and 4) and Corollary 3.6, completing the induction argument started 
in Proposition 4.1, and proving 1 [k] for all k G N. □ 

By Corollary 3.6, the [-] 2 in the integrand in Theorem 4.4, can be replaced 
by ||, to have the same form as Definition 3.2(i) of weak mixing. 

Note that if {A,“ 1 A n } is also space-filling in G, then the assumption that 
the system be M -weakly mixing relative to {A“ 1 A r) ,} can be dropped be¬ 
cause of Corollary 3.10. If {A“ 1 A n } does not have the properties required 
in Theorem 4.4, for example if the system is not M-weak mixing relative to 
{A“ 1 A n }, but there is some other uniformly space-filling sequence {A^} such 
that {A( 7 1 A( l } does have the required properties, then we can replace {A„} 
by |A' n } because of Corollary 3.10, to get weak mixing of all orders relative 
to {A' n }. We now briefly consider examples of space-filling sequences with 
the required properties. 

In the simple case where G = Z with the counting measure /i, and 
A„ = {— n, which is uniformly space-filling in Z, we have A“ 1 A n = 
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{— 2n,... , 2n}, so fi(A n ) < /i(A“ 1 A n ) < 2/j,(A n ) for n > 1, and if the dy¬ 
namical system is weak mixing relative to {A n }, then it is also weak mixing 
relative to A~ l A n = A 2 n . Hence the conditions of Theorem 4.4 are satisfied. 
Furthermore, if the system is only weak mixing relative to {0,..., n}, so we 
are working over the semigroup N U {0}, and T is injective, then it is easily 
seen that it is also weak mixing relative to A n . This implies the usual version 
of weak mixing of all orders when working on the semigroup N U {0}, for an 
injective T. 

As another example of a sequence with the properties in Theorem 4.4, 
let A m be the open ball of radius m in IRA for any positive integer q. Note 
that {A m } is a uniformly space-filling sequence in IRA. Then A^A m = A 2m , 
which means that M- weak mixing relative to {A m }, implies M- weak mixing 
relative to {A^A™}, while fi(A^A m ) = 2 9 /i(A m ), as is required in Theorem 
4.4. 

Concerning the assumption that M is translational, a simple example 
would be of the following type: Use the group G = IRA. Let M be all q x q 
non-zero diagonal real matrices acting as linear operators on IRA. (We exclude 
the zero matrix simply because this would make M-weak mixing impossible.) 
Then M is a translational set of homomorphisms of IRA. The same is true if 
we drop the condition that the matrices be diagonal. Similarly if we work 
with ZA instead of IRA and use matrices over the integers. 
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